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ABSTRACT: We find a class of non-relativistic supersymmetric solutions of I1B supergravity
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the solutions have two real supercharges. When the internal manifold is S®, the number of
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1 Introduction

The gauge/gravity duality has proven to be a powerful tool to study strongly coupled field
theories [1]. There are many strongly coupled condensed matter systems that are of both
theoretical and experimental interest. Thus it is reasonable to ask how much can we learn
about such field theories using the AdS/CFT correspondence. There has been a lot of
effort in this direction as summarized recently in [2, 3].

There are non-relativistic condensed matter systems, like fermions at unitarity, which
exhibit the non-relativistic analog of the conformal symmetry - the Schrodinger symmetry.
The Schrodinger algebra is generated by spatial translations P!, temporal translation H,
spatial rotations M%, Galilean boost K, the dilatation operator D, a special conformal
transformation C' and Galilean mass M. In a non-relativistic scale invariant theory, time
and space scale differently, t — A"t and & — AT, respectively. The real parameter n is
called the dynamical exponent and the Schrodinger invariant systems have n = 2. When
n # 2, one does not have the special conformal generator in the algebra and the theory is
only scale invariant. The familiar case of scale invariance in a relativistic conformal theory
corresponds to n = 1. More details on non-relativistic conformal theories can be found
in [4-6].

In [7, 8], a five-dimensional gravitational background with Schrédinger symmetry was
found as a solution to the Einstein-Hilbert action coupled to a massive vector field. Sub-



sequently in [9-11] this solution was embedded in the type IIB supergravity.! The ten-
dimensional background was obtained by applying a solution generating technique, known
as the null Melvin twist, to the AdSs x S® background. The null Melvin twist, described
in [24, 25|, can be used to generate new supergravity solutions starting from a known
solution, when the latter has at least one compact and one noncompact isometry. This
technique has been extensively used in, e.g., [16, 22] to generate new non-relativistic gravity
backgrounds.

There are also supersymmetric extensions of the Schrédinger algebra, which have been
studied in [26-31]. Therefore it is natural to look for Schrédinger invariant supergravity so-
lutions which possess some supersymmetry. The Schrodinger invariant solutions discussed
in [9-11] completely break supersymmetry even though they are obtained from supersym-
metric IIB backgrounds. A supersymmetric Schrodinger invariant solution was constructed
in [15], however, this solution is unstable, has vanishing B-field and is sourced only by the
usual self-dual RR flux. Other examples of supersymmetric non-relativistic solutions were
found in [15, 19, 21, 23], however, all those solutions have dynamical exponent n # 2 and
therefore are scale invariant but not invariant under the full Schrodinger group.

In this paper we will analyze in detail the supersymmetries preserved by non-relativistic
Schrodinger invariant solutions of the type IIB supergravity with non-vanishing B-field.
We consider non-relativistic backgrounds generated by the null Melvin twist applied to
the Freund-Rubin type solutions of the form AdS5; x X5, where X5 is a Sasaki-Einstein
manifold. When the Killing spinor of the Sasaki-Einstein manifold is invariant under the
U(1) isometry used in the twist, the non-relativistic solution preserves, in general, two real
supercharges. These two supercharges are a subset of the Poincaré supersymmetries of the
relativistic superconformal algebra. The superconformal symmetries are completely broken
by the twist.

We illustrate our general result with two familiar examples: S° and Th!. In the first
case, we find that the non-relativistic solution can have four real supersymmetries. This
is due to the 32 unbroken supersymmetries in the original solution on S° before the twist.
The second case illustrates better the generic situation where only 8 supersymmetry are
present before the twist. Other examples that are covered by our analysis are generaliza-
tions of the T1! example and include two infinite families of Sasaki-Einstein manifolds,
YP4 [32] and LP%" [33]. All those spaces can be used as internal manifolds for supersym-
metric Schrédinger invariant IIB solutions. Since both of these infinite families have U(1)
isometries that leave the Killing spinor invariant, we find an infinite number of Schrédinger
invariant solutions which preserve two supercharges.

The general form of the backgrounds constructed by the null Melvin twist also suggests
a natural Ansatz for non-relativistic type I1B solutions with higher dynamical exponents
and non-zero B-field. We show that there is a large class of such solutions of the form

Q 1

dsty = — —gpdu® + —(=2dudv + daf + da3 + d=*) + ds¥, .
1

Fs) = (1+%)volx;,, B = AANdu,

'See [12]-[23] for examples of other non-relativistic gravity solutions.



where X5 is an Einstein manifold and A is an one-form on X5. We find that A must be a
vector eigenfunction of the Laplacian on X5 and the dynamical exponent, n, is determined
by the corresponding eigenvalue. The metric function €2 obeys an inhomogeneous scalar
Laplace equation on X5. In principle, both A and ) can be determined explicitly using
harmonic expansions.

The class of solutions constructed here includes all solutions generated by the null
Melvin twist and also the solutions with general dynamical exponents and vanishing B-
field found in [15]. It is worth emphasizing that in the more general case of solutions with a
nontrivial B-field, the dynamical exponent is related to the eigenvalues of vector harmonics
on KEinstein manifolds.

The paper is organized as follows: In section 2, we present the non-relativistic
Schrodinger invariant supergravity backgrounds obtained by the null Melvin twist and
recast them in a form that is convenient for analysis of unbroken supersymmetries carried
out in detail in section 3. Then, in section 4, we work out some explicit examples that illus-
trate the general discussion in section 3. In section 5, we introduce an Ansatz for type 11B
solutions with general dynamical exponents and show that it reduces to a coupled system
of a vector and a scalar Laplace equations on the internal manifold. We also work out in
detail some examples on S° using standard methods of harmonic expansion. We conclude
in section 6 with comments and directions for further study. A brief discussion of the null
Melvin twist and a summary of some pertinent solutions are given in the appendix.

2 The solution

Consider a Freund-Rubin type solution of IIB supergravity of the form AdSs; x X5 with
the metric and the five-form flux given by

ds%o = d8,24d55 =+ ng(S s (21)

F(5) = (1+*)V01Ad5’5, (2.2)

where X35 is an Einstein manifold. In addition we assume that X5 has at least U(1) isometry,
with the corresponding Killing vector K.
In the following we will use the metric on AdS; written in terms of

light-cone coordinates,
1
d5124ds5 = g(—Q dudv + da? + dz3 + dz?), (2.3)

with the radius of AdSs normalized to one.

The null Melvin twist [24, 25] along a Killing vector K on X35 yields another type I1IB
solution of the form Schs x X5, where Schj is a five-dimensional space-time invariant under
the Schrodinger symmetry.? The metric,

ds%O = ds%chs + d8§(5 9 (24)

2See the appendix for more details of this construction.



the five-form flux
F(5) = (1 + *)VOISch5 , (2.5)

and, in addition, a nonzero three-form flux, H3) = dB ), in the solution can be written
explicitly in terms of the data of the initial solution (2.1), (2.2) and K. Specifically, the
metric along Schs in the same light-cone coordinates as above is

Q

1
- ?du2 + ;(—2 dudv + da? + dz3 + dz?), (2.6)

ds%’c/u =
and
Q=|IK|]?, (2.7)

is a nonnegative function given by the length square of the Killing vector, K, with respect

to the metric on X5. Similarly, the two-form potential is given by
B Lind (2.8)
= — U .
) 22 ’

where K is the one-form dual to K.> To make sense of these solutions as holographic duals
to non-relativistic field theories the light-cone coordinate v should be periodically identified
v~ v+ 277, [7,8, 11]. The momentum along this compact direction is quantized in units

of the inverse radius r, 1.

This momentum is interpreted as the Galilean mass (or the
particle number) in the dual field theory.

By construction, (2.4), (2.5) and (2.8) satisfy the equations of motion* of IIB super-
gravity for any Killing vector IC, since all one is using is a series of boosts, T-dualities
and shifts which are all symmetries of IIB supergravity. One can also view the Schs x X5
solution as a deformation of the AdSs x X5 solution above, which can be formally recovered
by setting K =0 in (2.4), (2.5) and (2.8).

It is possible that the norm of the Killing vector I vanishes on some locus in X5. The
curvature of the solution is completely regular on this locus, in fact, the solution looks like
AdSs x X5. It is somewhat strange that the asymptotic structure of the non-compact space
changes from the non-relativistic Schs to AdS5 at special points on X5. However this kind
of space-times have been analyzed in the literature, see [25, 34] and references therein. One
can argue that, despite the presence of the locus on which €) vanishes, the ten-dimensional
background is non-distinguishing and thus has the proper asymptotic and causal structure
for a dual of a non-relativistic field theory. An intuitive way to understand this is to observe
that in the solution (2.4) every point with u > g can be reached by a causal curve on the
ten-dimensional background starting at wg. This implies that the light-cone is degenerate
and the space-time is non-distinguishing. This is precisely a property one should expect
from a gravity dual to a non-relativistic field theory. The presence of the locus on which
) vanishes does not change the fact that the space-time is non-distinguishing as long as €2

is non-zero on an open set in X5. This will always be the case for our solutions.?

3In terms of explicit coordinates £* on X5, we have dsg(s = gupde®de®, Q = gosKKP, and Ko = gask”.
4We have also checked this explicitly, see the appendix for more details.
SWe are grateful to Veronika Hubeny and Mukund Rangamani for helpful explanations on this point.



3 General supersymmetry analysis

Let us now assume that the AdSs x X5 solution preserves some of the supersymmetries of
IIB supergravity, that is there exists a chiral Killing spinor ¢ in ten dimensions,

Fl e F1060 = €0, (31)

for which the dilatino and the gravitino supersymmetry variations vanish. In the following
we will find sufficient conditions under which the Killing spinor, ¢y, can be deformed to a
Killing spinor, €, of the Schs x X5 solution.

To this end let us introduce the frames, eM, for the metric (2.4),

1 1
1 _ 4 _
e = @(Q—kl)du—i—dv, et = @(Q—l)du—i—dv,
1 1 1
e? = Zdx, e3 = Zdroy, e = ~dz, (3.2
z z z
5
CR— 6?5), a=1,...,5.

where 6?5) are some orthonormal frames on X5 that will be specified later. The equations

for unbroken supersymmetry are [35]

1

N = — ﬂJLIMNPPJWVPE* =0, (3.3)
and . 1
i
5¢M — VMG + @FNPQRerPQRSFM € — @ [PM, HPQRFPQR] 6* s (3.4)
where the flat indices M, N, ... range from 1 to 10. We use the same conventions as in [36]

with the mostly plus metric and real Dirac ['-matrices in ten dimensions.

The corresponding frames, 684 , and the supersymmetry equations, oA = 0 and dpopr =

0 for the AdS5 x X5 solution are obtained by setting K = 0 in (3.2), (3.3) and (3.4). In
that case the H(3) flux vanishes and the dilatino variation vanishes identically.
We start our analysis of unbroken supersymmetries with the dilatino variation (3.3) in

which the H(3) flux is given by
Hg) = dBoy = (dK+2KAe°) A (' —e). (3.5)

Since K is a one form on Xjp, it follows that (3.3) factorizes into

1
SN = —ﬂHMNPI‘MNPe* = M -T%e" = 0, (3.6)

where M is a real matrix
1 1
M = — g(diC)MNrfWV + §KMF5M. (3.7)

Note that the summation above is over the range M, N = 6,...,10 since both I and dK
have nonvanishing components only along X5. Hence we can solve (3.6) by imposing a

single projection condition

T —1hHe = (' -ThHe = 0, (3.8)



where the condition for e follows using reality of the I'-matrices.

The gravitino variations (3.4) involve two types of terms that depend on K and thus
are absent in the corresponding equations for the Kiling spinor ¢y on AdS5 x X5. If those
terms can be eliminated from the equations, the problem of finding the Killing spinor € on
Schs x X5 will be reduced to that of finding ¢y on AdSs x Xs.

The additional terms of the first type arise from the deformation of the spin connection
due to the function € in e! and e*. We can write this deformation succinctly as the
difference of the spin connections for the two metrics,

40 1
VV—VV‘Q:0 = z—5du®du/\dz—gdu®du/\d9, (3.9)

where

W = wMN®eM/\eN, (3.10)
and wysn is the spin connection. It is clear that the deformation due to those additional
terms will arise only in the 1), variation.%

The deformation terms involving the H(z) flux manifestly vanish due to (3.8) for all
Spr, but 01y and 6vpy. Indeed, for M # 1,4, the (I'' — I'") factor arising from the
contraction as in (3.6) commutes, or anticommutes, with all other matrices in this term.
Hence it can be moved to act directly on €, so that these variations vanish due to (3.8).

To evaluate the remaining two variations, consider the combination e'di; + e*61y.
This yields a sum of two terms

% (%du + 2dv> [T =14 HyypMNF) e*+le2du [T+ 14 HywpDNF) e (3.10)
The first commutator vanishes identically, while the second one gives a nontrivial contri-
bution to d1,,, which we evaluate explicitly below.

To summarize, we have shown that, apart from the dilatino variation, the only equation
that is modified by the deformation is the gravitino variation dv,. Before we proceed with
this variation, let us note that the other gravitino variations along Schs are solved by a
single additional projector,

(T? +ir%) e = 0. (3.12)

Indeed, upon using (3.1) to simplify the Fi5) flux terms, and then imposing the projec-
tion (3.8), all variations d1),, , 01y, , 01, and d1, reduce to (3.12) multiplied by some other
I'-matrix.

Note that in the case of the AdS5 x X5 solution, the gravitino variations along AdSs
are solved by a single projector

(1—ir'*) ¢ = 0. (3.13)

The solutions to this equation include both solutions to (3.8) and (3.12) and to the equations
where both projectors are replaced by the ones with the opposite sign.

SWe use a shorthand notation for the curved indices labelling them with the corresponding coordinate.



Finally, consider the variation dv,. Here we find

1
O = Bothu = = 5 (3QT° —T99,Q) (I —T)e
z
+ 41? QU350 — T e (3.14)
1 *
— 2—2 ME .

The terms in the first line are due to (3.9), and we have introduced a shorthand notation
I*= e(j\yl“M . The second line arises from additional terms in the F{5) flux in the coordinate
basis due to the Q-terms in e and e?. The last line is due to the non-vanishing term in (3.11)
with the matrix M given in (3.7). Clearly the first two lines vanish if we impose (3.8), which
leaves a single additional algebraic constraint on the Killing spinor,

Me* = 0. (3.15)

In the following we will unravel the conditions under which this equation has
nontrivial solutions.

The transformation of a Killing spinor, e, under an isometry X is given by the
Lie derivative

1
Lre = KMowe+ 7 (KMwupqg + VipKg ) T
1
= KMV e + g(d/C)MNPJWVe. (3.16)
Next consider the gravitino variation along K,

KMoy = KMV e+ 4%0FNPQRSPNPQRS (KMTap)e. (3.17)
The second term can be expanded using the explicit form of the Fisy flux in (2.5). We get,
using (3.1) and (3.13),
i 1
v [NPQRS (M _ i M
150 T NPQRS (K¥Ta)e = gKuI" e

Substituting this back in (3.17) and using (3.16) and (3.7), we obtain

KM = Lice— %(dIC)MNrMNH %ICMFE’ME

= Lie+ Me. (3.18)

This shows that a Killing spinor, €, is annihilated by M if and only if it is invariant under
the corresponding isometry. Since M is real, this also implies that M ¢* = 0.

The result of our analysis is an explicit method for obtaining Killing spinors for the
Schrodinger background, Schs x X5 obtained by the null Melvin twist, starting with the
Killing spinors of the undeformed AdS5 x X5 background:



e A Killing spinor, €, on AdSs x X5 is also a Killing spinor on Schs x X5, where the
Schy x X5 solution is obtained by the null Melvin twist along the Killing vector IC,
provided € satisfies

Laaritye =

5 (1+if23) e =0 and Lixe = 0.

DO | —

o Conversely, any Killing spinor on Schs x X5 satisfying the projections’ above gives
rise to a K-invariant Killing spinor on AdSs x Xs.

In fact, it appears that the above construction gives rise to all Killing spinors on Schs x
X5. The complete analysis is more involved. If we start with an e that does not satisfy (3.8),
we must solve the dilatino variation by setting M e* = 0 from the start. Furthermore, in all
gravitino variations, the H(z) flux terms will not cancel. A systematic method to exclude
this type of Killing spinors would be to analyze the integrability conditions for the gravitino
variations. We have not carried out this calculation in the general case, but rather verified
explicitly in the simplest examples of X5 = S° and X5 = T! that there are no further
Killing spinors of opposite I''* chirality. This is in agreement with [15, 19], where it was
shown that non-relativistic supersymmetric solutions with vanishing H 3 flux and different
dynamical exponents break all superconformal Killing supersymmetries.

The undeformed AdS5 x X5 solution has 4®2 = 8 real supercharges where the factor of
4 in the direct product comes from the AdSs Killing spinors and 2 is the number of Killing
spinors on a generic Sasaki-Einstein manifold. As discussed above, the null Melvin twist
breaks all AdS5 supersymmetries and we are left with non-relativistic solutions preserving
2 supercharges. For the case of AdSs x S° we have 4 ® 8 = 32 supersymmetries because
S5 has 8 Killings spinors and as we discuss in the next section one can find cases in which
the number of supersymmetries of the twisted solution is enhanced to 4.

4 Examples

In this section we illustrate how the general construction in the previous section works for
some well known five-dimensional Sasaki-Einstein manifolds.

4.1 S°

The most symmetric example of a five-dimensional Sasaki-Einstein manifold is the sphere
S5. It has SO(6) isometry group and we can apply the general, three-parameter null Melvin
twist on a U(1)3 subgroup. One can find the conditions for unbroken supersymmetry and
construct Killing spinors of the twisted solution explicitly, however, it is more efficient to
use group theory to extract this information.

The SO(6) isometry group of S® is generated by the Killing vectors M;; = x;0; —x 0y,
where we realize S° as a unit sphere 27+ ...+ 2% = 1 in RS. If we choose the U(1)? Cartan
subalgebra generators as

Koy = Mz, Ko = M, K = Mse, (4.1)

" As was noted above, those two projections corresponding to (16) and (20) are related by the projection
(21) on AdS5 X X5.



we find that for a Killing vector KK = 1K1 + 12 + 13Ks,
Q = |IKIP = n7 (2t +23) + 3 (2f +af) + 3 (2f +af) - (4.2)

The Killing spinors on S° transform in 4 @ 4 of SO(6). Their charges with respect to the
U(1)? above are

4 — (+L,+L,+) @ (+1, -1, - @ (-1,+1,-1) @& (—1,—1,+1). (4.3)
Hence the Killing spinors invariant under K are determined by solutions to the equation
mEnEn = 0. (4.4)

For values of 7; satisfying (4.4), the non-relativistic solution preserves two real supersym-
metries. If in addition to (4.4) we impose that at least one of the 7; vanishes, the number
of real supercharges is enhanced to four. One can verify explicitly that all sixteen super-
conformal Killing spinors of AdSs x S° are broken by the null Melvin twist so that one can
preserve only a subset of the Poincaré Killing spinors. Of course when all 7; vanish we get
back to the original AdSs x S° background, which preserves sixteen superconformal and
sixteen Poincaré supersymmetries.

It is clear that €2 is strictly positive when none of the 7;’s vanish. Setting one 7; to
zero, say 13 = 0, the Killing vector K vanishes on S! given by z; = 29 = 23 = 24 = 0 and
22 + 22 = 1. Similarly, when two 7; vanish, there is an S3 on which K vanishes. As we
discussed in section 2, even though there could be a locus on which €2 vanishes, the twisted
background is still non-distinguishing and thus non-relativistic.

The special case n; = ny = 13 = 1 corresponds to the null Melvin twist along the Hopf
fiber of S° and has been studied in [9-11]. In this case the Killing vector K has constant
norm and it is clear from (4.4) that the twisted solution breaks supersymmetry completely.
This has been also shown explicitly in [10].

4.2 T

In this section we describe explicitly the null Melvin twists for the AdSs x T+! solution [37].
Recall that 711 is the coset space SU(2) x SU(2)/U(1) with a unique homogenous Einstein
metric. There is a Killing spinor on 7!, with two real components, which gives rise to the
N = 1 unbroken supersymmetry of the Romans solution. The isometries of the solution
arise from the obvious SU(2) x SU(2) action on the left and, in addition, from another
U(1) action from the right on the coset. The Killing spinor is necessarily invariant under
SU(2) x SU(2), and transforms nontrivially under the U(1), which is the R symmetry of
the N/ = 1 superalgebra.

It is convenient to realize T'h! explicitly as a locus in C* by introducing a complex

matrix [38]
1 . .
W= — 8 +2‘24 z1 Z%Q ’ (4.5)
V2 \21 +i20 —23 +iz4

subject to the constraints

TTWw=1, detW = 0. (4.6)



In this parametrization, the two SU(2)’s, call them SU(2); and SU(2)2, act on W by left and
right multiplication, respectively, while the R-symmetry, U(1)g, corresponds to the phase
rotation, z; — €3z, As explained in [38], the constraints (4.5) can be solved explicitly
by introducing the Euler angles, (01, ¢1,v1) and (02, ¢2,12) for SU(2); and SU(2),, and
setting 11 = 19 = ¢3/2 to pass onto the coset. In terms of those angles, the unique Einstein
metric on T is [38]

1 1
ds2i, = g(de% + sin? 01d¢? + db3 + sin? Od¢3) + 5 (dos + cos f1dy + cos Oadgn)? . (4.7)
For the general null Melvin twist we choose Killing vectors K1, K(2) and K(3) corresponding
to U(1); € SU(2)1, U(1)2 € SU(2)2 and U(1) g, normalized such that

0 0 0
-, IC = — 5 IC = .
Opq @ O ®) 0¢3

One can perform the null Melvin twist along ¢; and the Killing vector defining the non-

Koy = (4.8)

relativistic solution is 5
0
K= — . 4.9
The function ) is

Q=2 <sin261 N cos? 61> 2 <sin2 0, N cos? 62) N 77_§

mn 2

6 9 6 9 9
cos 01 cos 6 cos 0 cos 0
+ 2 g 2l g+ 2y - (4.10)
The matrix M is given by
m (sinf s 610 cos 64 68 79 510
M=—=|——(T T ——(2I"™° -=T'"” =T 4.11
n2 (sinfy 59 710 cos 0y 79 68 510 M3 /168 79 510
=(—==(T T ———=@r'"” —-1r°°-"r =T T T .
22 (S (T - g )) + B 1 p 4 poe)
One can show that the Killing spinor for this solution is
e = e 3% (4.12)

where ¢ is a constant spinor satisfying the chirality condition (3.1) and four
additional projectors

1+TMg = 1+i08)g = 14+iT%)e = 1+ = 0. (4.13)

The condition M €* = 0 is satisfied by (4.12) if n3 = 0.

Thus we find that the generalized null Melvin twist of AdSs x T! with the parameters
(m,m2,0) for non-zero (n1,72) leads to a type IIB solution of the form Schs x Th! with
H 3y and F(s) flux, which preserves two real supercharges. For n3 # 0, we still have a
Schrodinger invariant type 11B solution, but the supersymmetry is completely broken.

,10,



4.3 YP49 and LP9"

There are two infinite families of five-dimensional Sasaki-Einstein manifolds with explicitly
known metrics. The manifolds in the Y?¢ family, found in [32], are specified by two
integers (p,q) determined by some regularity conditions.® The solutions have SU(2) x
U(1) x U(1)g symmetry. The LP¢" solutions are specified by a set of integers (p,q,r)
and have even smaller isometry group, U(1)? x U(1)g [33]. The U(1)g isometry is special
and the Killing vector? corresponding to it has a constant norm. Such a Killing vector
exists on every Sasaki-Einstein manifold, X5, and it can be determined by the Kéhler form
on the corresponding Calabi-Yau cone over X3 [39]. The Killing spinor on X5 has two
real components and is charged under U(1)g so the results of section 3 imply that the
null Melvin twist along U(1)r will break supersymmetry completely. However, for both
the YP4 and the LP%" families we have two additional U(1) isometries along which we
can apply the twist with arbitrary real parameters (11,72). The resulting non-relativistic
solutions will be Schrodinger invariant and will preserve two real supercharges that are a
subset of the Poincaré supersymmetries of AdS; x X5. The superconformal charges are
completely broken by the twist. Since the metrics on both YP¢ and LP:%" are explicitly

known, one can in principle construct explicit Killing spinors on them.

5 New solutions from vector harmonics

In this section we introduce a new class of solutions with Galilean symmetry, general
dynamical exponents and nontrivial three-form flux that are generated by vector harmonics
on X5. The starting point of our construction is an Ansatz that is a natural generalization
of the twisted solutions in sections 2 and 3 and the solutions with general dynamical
exponents, but without H ) flux, constructed recently by Hartnoll and Yoshida [15] using
scalar harmonics on X5.

In the notation of section 2, the metric in [15] is of the form

Q

zan

1
ds* = — du® + ;(—2 dudv + dz? + dzj + d2?) + dsk, , (5.1)
where € is a function on an internal Einstein manifold, X5, and ny is a real positive
constant. The five form flux remains the same, F(5) = (1 + %) volx,. We complete the
Ansatz by introducing a three form flux with the potential

1
B(Q) = ZTQ'A/\du’ H(g) = dB(Q), (5.2)

where A is an arbitrary one-form on X5 and ns is a real constant.
The type IIB field equations [35] for this set of fields read

1

RMN=6

1
Fyrpors Fn TS + ZHMPQHNPQ , (5.3)

8For our purposes we will not distinguish between regular and quasi-regular Sasaki-Einstein mani-
folds [32].
9Also called the Reeb vector.
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and, taking into account the form of the H(z) flux with nonzero components only along
mixed directions,

VMHMNP = 0. (5.4)

The only nonvanishing component of the Einstein equations (5.3) is along the wu-

direction where it reduces to

1

Zin

2
(% V%, Q+2(n? + 1)Q> - Zil O = Zg—lm (i FupFoP % AaAa> . (5.5)
The terms in the bracket on the left hand side arise from the Ricci tensor. The second term
comes from the energy momentum tensor of the five-form flux, where the 2 dependence
is introduced by the vielbein e, see (3.2). Finally, the right hand side arises from the
energy momentum tensor of the three-form flux, where F = dA.

The Maxwell equations (5.4) reduce to two equations. The component of (5.4) along
du N\ dz gives
naV¥A4A, = 0. (5.6)

The remaining components yield the covariant massive Proca equation
VOFup + (n3+2n2) Ag = 0. (5.7)
Expressing components of F in a covariant form,
Fop = Va.Ag — VﬁAa , (5.8)

and using the transversality condition (5.6), and R,g = 4g¢q3, the latter equation can be

rewritten asl?

(V&, = DAa + (03 +202) Ay = 0, (5.9)
which is the covariant Laplace equation for vector fields on Xs.

Let us first discuss the solutions of (5.5) and (5.9) in the known cases.

e A,=0

We can solve Maxwell equation (5.9) by setting A, = 0. In this case one is left with
a Laplace equation
Vi.Q+4(n* -1)Q = 0, (5.10)

on the scalar harmonics on the Einstein manifold, X5, where we set n = ny. This case
has been discussed in detail in [15]. Here we only note that the discrete eigenvalues
of the Laplacian determine the discrete set of dynamical exponents n. The specific
values depend of course on the choice of Xs5.

When A, does not vanish, the two exponents must be equal, n1 = no = n. Indeed,
since both terms on the right hand side in (5.5) are manifestly positive, the powers of z on
both sides of the equation must be the same.

The operator (vi(s — 4) is, in our normalization, the Lichnerowicz operator on vector fields on the
Einstein manifold X5.
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e A, =K, is a Killing vector
In this case we can use the standard fact that on an Einstein manifold Killing vectors
are eigenfunctions of the Laplacian. Since we choose normalizations such that the

internal metric is of unit radius, we have,!!

Vi Ko = —4Kq. (5.11)

This solves (5.9) for n = 2. For this value of n, all terms without derivatives in (5.5)
cancel if we take Q = KL, K%. Then the derivative terms combine into

1
ICO‘V%(S Ka + 3 (VoKs + VsKa) VKB +4K,K = 0, (5.12)

which obviously reduces to (5.11). This verifies explicitly that the backgrounds ob-
tained by the null Melvin twist along a Killing vector solve the type IIB equations of
motion.

In the general case, we have a coupled system of Laplace equations for the vector field,
A, and the function, Q, on Xj,

(Vi DAy = —n(n+2)A,, (5.13)
Vi,Q+4n* —1)Q = T(A), (5.14)

where 1
T(A) = 5 FapF 4+ 0P AcA, (5.15)

is a scalar function on X5.

It is clear that, at least in principle, the system (5.13)—(5.15) can be solved system-
atically using harmonic analysis on X5. In the first step one determines the spectrum of
the operator (V§(5 — 4) on vector fields, which in turn determines the values of allowed
exponents n in (5.13). For a given eigenvalue of the vector Laplacian there is a degeneracy
in the spectrum of vector harmonics. This degeneracy depends on X5 and will lead to a
family of solutions for a fixed eigenvalue. Next, for a given n, one solves (5.13) by setting
A to be one of the vector harmonics for the corresponding eigenvalue. The scalar function
7 (A) becomes then a source for the inhomogeneous massive Laplace equation (5.14) for the
function 2, which may be solved by expanding 7 (A) into scalar spherical harmonics. We
will illustrate this procedure below by explicitly working out some solutions for X5 = S°
and by mapping out the relation between vector eigenvalues of the Laplacian on 71! and
dynamical exponents.

It is worth emphasizing that, for a given vector harmonic A,, the scalar function
Q in (5.14) may not be unique. This happens when —4(n? — 1), as determined by the
eigenvalue of the vector harmonic, A,, is an eigenvalue of the scalar Laplacian. Then one
can add to € a solution g of the homogenous equation

Vi, Q0 +4(n* —1)Qy = 0. (5.16)

HSee, (A.17) in the appendix.
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In the next subsection we will see an example of such non-uniqueness in the case
when X5 = S°.

A potential problem with a general solution (A, §2) of (5.13)—(5.15) is that there will
be regions in X5 where the function 2 becomes negative. This will change the causal and
asymptotic structure of the ten-dimensional solution and may lead to instabilities [15].
Clearly, it would be interesting to understand properties of such solutions in more detail
and, in particular, to analyze their role, if any, in non-relativistic holography.

Finally, let us note that some of the solutions with n # 2 and Sasaki-Einstein manifold
X5 may preserve some supersymmetry. As we discussed in section 3, if the function {2 is
non-zero, the superconformal symmetries are broken, but some of the Killing spinors on X5
may be preserved. In the special case when A4 = 0 and X35 is a Sasaki-Einstein manifold,
one can use the supersymmetry variations in section 3 to show'? that the ten-dimensional
solutions preserve two supercharges. For X5 = S°, the number of supercharges increases to
eight. We have not performed a general analysis of the Killing spinor equations for n # 2
and A # 0, but it would be interesting if some of them turned out to be supersymmetric.

5.1 Vector harmonics on S°

The scalar and vector harmonics on spheres were extensively discussed in the literature in
the context of the Kaluza-Klein reduction of supergravities.!> The few basic facts that we
need here are derived in [40] and [41], where also earlier references can be found.

All scalar and vector harmonics on S® can be constructed from the basic scalar har-
monic Y4 and the basic vector harmonic Y2 that transform in the vector representation
of SO(6) with components labeled by the index A = 1,...,6. They satisty the following
algebraic constraints

5 6
S vivE = vy P4tP Y vyt =1, (5.17)
a=1 A=1

and form a closed system under covariant differentiation
VY4 = Y1, VLY = =gV (5.18)

All scalar harmonics are labeled by the totally symmetric traceless representations of SO(6)
and are given by

YAl...Ap _ Y(A1YA2 o YAp) , p=0,1,.... (519)

Similarly, all transverse vector harmonics are of the form

Ay A

Yy = yly@el | yAe) o p=12. (5.20)

where the indices are symmetrized according to the SO(6) hook Young tableaux with &
boxes in the first row and one in the second row. There are also longitudinal vector

2This has also been shown in [15].
3For a recent comprehensive review in the present context the reader may consult [40]. We thank
Peter van Nieuwenhuizen for making this article available to us before publication.
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harmonics that are obtained by differentiating the scalar harmonics. We will not need
them here since A, is a transverse vector harmonic (5.6).

Identities (5.18) turn all covariant differential operators acting on harmonics into al-
gebraic operations, while the constraints (5.17) can be used to reduce products of basic
harmonics into irreducible components. In particular, following those steps, one obtains
the familiar result for the eigenvalues of the Laplacian used in [42]

VivyAAde = _p(p44)yArAe p=0,1,..., (5.21)
(V2 — ) VM = (b 1) (k + 3) Y k=1,2,.... (522

Comparing with (5.13) we have n = k+1 and if we define p = 2(n—1) it is clear from (5.16)
that we can add a homogeneous solution to .14

The problem of solving (5.13)—(5.15) is now reduced to a finite dimensional linear
algebra. Suppose that we start by choosing A, as one of the vector harmonics of order k,
which is a polynomial of order k + 1 in the basic harmonics. Since the differentiation does
not increase that order, we conclude that 7 (A) is a polynomial of order 2k + 2 or less in
the basic scalar harmonics. This shows that 2 can be written as a finite sum

Q = > cayg, Y YAy Ane) (5.23)

where the constant coeflicients c4,. are then determined from the scalar equation.

Aopyo
Let us illustrate this using the already familiar case when A, is a SO(6) Killing vector.

The latter are given by the transverse vector harmonics with k£ = 1, which corresponds to
n =2 in (5.13). First consider

Ay = YAB = yAYB _yBy4, (5.24)

for some fixed A and B. Using (5.17) and (5.18) we obtain
A A% = (Y42 + (YB)? (5.25)
= YA yBB % : (5.26)

where the constant in the second line arises from subtracting traces in the reduction to
SO(6) irreducible components. Similarly,

Fosg = —2(YYP -Y5'VE) (5.27)
and
FopFP = 81— (YN - (v5)?]. (5.28)
Hence
T(A) = 41— ¥ = B +4 [(Y4)*+(Y5)?] = 4. (5.29)

"The freedom to add homogeneous solutions to Q for any value of n is specific to S® and will not be
present for a general Einstein manifold.
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More generally, we take a linear combination of such harmonics,

1
Ay = gznABY;‘B = > napYYP, (5.30)
A,B AB
where nap = —1mpa. Then
1
A AY = Z UACUBCYAB + §772 , T(A) = 4772 , (5.31)
AB,C
where 1
= Z Mg and yAB —yAy B _ 66AB. (5.32)
A<B
Substituting this in the scalar equation (5.14) with n = 2, we get
ViQ+120 = 4. (5.33)
The generic solution to this equation, which we discussed above, is Q = A,A%. However,

there is another obvious solution, which is simply the constant function

1
Q= -n. (5.34)
3
From (5.31), the difference between the two solutions is a sum of k£ = 2 scalar harmonics,
Y4142 which satisfy the homogenous equation (5.16) (cf. (5.21)).
To summarize, we have shown that there is a 15 4 20 parameter family'® of solutions
on S°

Ay, = Ko, Q= |K|P+Y, (5.35)

where K, is a Killing vector and Y is a solution to (5.14) with k = 2.

The solutions with 2 = L,K% and Y = 0 arise naturally from the null Melvin twist
construction. If one takes K, to be a Killing vector along the Hopf fiber, its length is
constant and the solution reduces to (72) with constant 2. However, since all Killing
vectors on S° are equivalent under the SO(6) symmetry, the solution with constant
should exist for any choice of Iy, which indeed is the case.

As a final example we consider a solution with a higher vector harmonic. Let us take
the harmonic [40]

YABC — oy AyBy¢ _yByAyC _yCyAy B, (5.36)

with distinct A, B and C. It has k = 2, which gives the dynamical exponent n = 3.
Similarly as above, we find

T(A) = 9 [(VE)?2+(Y9)?]. (5.37)

5There is a 15 parameter degeneracy for the vector harmonic with k = 1 and a 20 parameter degeneracy
for the scalar harmonic with p = 2. It is possible that some of these solutions are equivalent.

,16,



However, unlike before, the mass term in (5.16) is equal to 32, which does not correspond
to any of the eigenvalues of the scalar Laplacian in (5.21). Hence the solution
9 1

Q= oo [P+ (YO -

5.38
50 S| (5.38)

is unique, up to the degeneracy in the choice of vector harmonic and addition of a ho-
mogeneous solution discussed above. This example illustrates explicitly the problem we
mentioned earlier that, for higher order harmonics, 2 may be negative in some region of Xj.
We conclude the discussion of S° with the observation that the eigenvalues for the
transverse vector harmonics in (5.22) determine the dynamical exponents of our solutions

to take values
n=k+1. (5.39)

Hence, we have here examples of scale-invariant, non-relativistic type IIB solutions with a
B-field and integer dynamical exponents, n > 2.

5.2 Vector harmonics on 71!

We will not attempt to find explicit solutions with different dynamical exponents generated
by the vector harmonics on TH!. Instead we will map out the relation between the spec-
troscopy of vector eigenfunctions of the Laplacian on 7! and the dynamical exponents of
the field theories dual to the new gravity solutions.

The eigenfunctions of the vector Laplacian are labeled by weights of the SU(2) x
SU(2) x U(1) isometry group of TH1 [43, 44],

V2AR = X, Lo, Iy A (5.40)

There are four series of eigenvalues

A2 = 34 h(l,l,l3£2), (5.41)
Nsa = h+d+2/h+4, (5.42)

where h(l1,l2,13) are the scalar eigenvalues of the Laplacian on T

l2
h(l1, 1o, l3) =6 (ll(ll +1)+ 12(12 +1)— §3> . (5.43)

Here I3, 2 could be integers or half-integers and [3 is an integer. The values of the dynamical
exponents of the gravitational backgrounds are determined by the solutions to any of the
four algebraic equations

n(n +2) = 4— )\i(ll,lg,lg), 1=1,2,3,4. (5.44)

It follows that for TW! as the internal manifold, the dynamical exponents of the non-
relativistic solutions are not arbitrary integers, as is the case for S°. In fact, for generic
values of (I1,1l2,13) the dynamical exponent, n, is irrational.
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6 Conclusions

We have found a large class of supersymmetric II1B solutions with non-vanishing B-field
which are invariant under the Schrodinger symmetry. The solutions are obtained by the
null Melvin twist from supersymmetric type IIB solutions of the form AdS5 x X5. The field
theories dual to these solutions form a very special class of non-relativistic field theories.
They can be obtained from the relativistic A/ = 1 superconformal Yang-Mills theories dual
to AdS5 x X5 by performing a discrete light-cone quantization accompanied by a twist.
The twist amounts to modifying all products of chiral superfields in the Lagrangian of
the relativistic theory by phases proportional to the charges of the fields under the U(1)
global symmetries used in the null Melvin twist. This class of field theories was discussed
in [45-47], see also [11].

We also found a quite general class of type IIB solutions with dynamical exponents
different from two and non-vanishing B-field. As discussed in section 5, the B-field is
determined by a vector harmonic on an Einstein manifold, X5. The metric is obtained
by solving an inhomogeneous scalar Laplace equation on X5. The solutions are invariant
under the Galilean group and dilatations, but are not invariant under special conformal
transformations, and thus break the full Schrodinger symmetry. The dual field theories
should be scale invariant and invariant under Galilean transformations. Since we did not
generate the gravity solutions by some twist of known relativistic solutions with clear D-
brane interpretation, the detailed structure of the dual non-relativistic field theories is
not clear at present. It would be very interesting to reduce the solutions of section 5 to
five dimensions and to see whether they can be obtained as solutions to five-dimensional
gravity coupled to some massive fields [7, 8, 10]. More generally, it is important to under-
stand compactifications and consistent truncations of type IIB supergravity with massive
fields [10, 48].

There are several directions in which our analysis could be extended. It is interesting
to find eleven-dimensional analogs of our solutions. Some supersymmetric non-relativistic
solutions of the eleven-dimensional supergravity are known, [19, 21]. Perhaps it is possible
to find more general classes of such solutions using the results of this paper as a guide. A
natural way to proceed is to start with a Freund-Rubin solution of the form AdS; x X7
where X7 is a seven-dimensional Sasaki-Einstein manifold with U(1)* isometry.'® Then one
can reduce the solution along the U(1) R-symmetry to get a solution of ITA supergravity
with U(1)3 symmetry. The generalized null Melvin twist applied to this solution would
generate a non-relativistic type IIA solution with a Schy non-compact space-time. This
solution could be uplifted to a solution of eleven-dimensional supergravity. It is natural
to expect that for the null Melvin twist performed along U(1) isometries that leave the
X7 Killing spinor invariant, the twisted eleven-dimensional background will preserve some
supersymmetry. It should also be possible to use this eleven-dimensional solution as a
guide for constructing more general solutions along the lines of section 5.

There are supersymmetric extensions of the Schrodinger algebra with various amounts
of supersymmetry [31]. It is interesting to explore the connection between these superalge-

5There exists an infinite family of such manifolds with explicitly known metrics [33, 49].
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bras and the supersymmetric Schrédinger invariant I11B solutions found here and also those
in [15, 19]. It is natural to explore whether any of the supersymmetric type IIB solutions
presented here could be realized as non-relativistic supercosets along the lines of [50].

We would like to note that it is straightforward to find finite temperature counterparts
of all solutions discussed in section 2 and section 4. One should start with a AdSs x X5
black hole solution and apply the generalized null Melvin twist. This was done in [22] for
the AdSs x S® black hole. It would be also interesting to construct the finite temperature
versions of the solutions with general dynamical exponents found in section 5 and explore
their thermodynamics.

Finally it is tempting to speculate that there might be supersymmetric (and non-
supersymmetric) non-relativistic analogs of the familiar RG flow solutions of the type IIB
and eleven-dimensional supergravities. A modest attempt to construct such solutions was

made in [22], but there is certainly much more to explore.
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A Generalized null Melvin twist

The null Melvin twist [24, 25] (see, also [9, 11, 22]) is a solution generating technique which
can be used to construct explicitly new solutions of the type IIB supergravity starting from
a known solution with at least U(1) isometry. In this appendix we summarize the main
steps of the construction as applied recently in [22] to solutions with U(1)? isometry. We
show that by examining explicit formulae for the twisted solutions in [22], one is naturally
led to rewrite the result of the null Melvin twist along any isometry given by a Killing
vector, K, in terms of intrinsic quantities without reference to any specific coordinates.

Consider a type IIB solution of the form AdS5 x X5, where X5 is an Einstein manifold
with U(1)? isometry. For definiteness, let us take

1
ds?y = ;(—dtQ + dy? + da? + da3 + d2?) + d5§(5 , (A.1)

F(5) =(1+4+%) volags; , (A.2)

where we have normalized the AdS5 and X5 to be of unit radius. In all cases of interest,
the metric on the internal manifold X5 can be written, at least locally, in the form

3
ds, = [1d07 + fodf3 + Y fijddid; , (A.3)
ij=1
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where all functions f; and f;; depend only on ¢4 and 63. The angles ¢1, ¢2, 3 parametrize
directions along the three U(1)’s.

The generalized null Melvin twist [22, 24, 25| consists of the following operations that
are straightforward to implement:

e a boost in the (¢,y) plane with parameter vy,

e a T-duality along y,

a shift of all three U(1) isometries of X given by ¢; — ¢; + ay,

another T-duality along y,
e an inverse boost in the (¢,y) plane with parameter —y,
e a limit a; — 0, 79 — oo such that n; = a; cosh vy = a; sinh vy remain finite.

Introducing light-cone coordinates

1
w=tty,  v= sy, (A4)

the resulting spacetime is a product space Schs X X5, with the metric

0 1
ds2y = — = du? + 5 (~2dudv + da? + dzd + dz*) + ds%. (A.5)

a nontrivial two-form potential

1

B(Q) = ﬁ[@nlﬁ dor + 87729 dops + 87739 d¢3] Adu, (Aﬁ)
and the five-form flux

F(5) = (1 + *)VOISch5 , (A7)

where € is explicitly given by

3
Q(61,62) = > fijmin; - (A-8)
i,j=1

Note that since volags, = volgeps, the five-form flux is in fact invariant under the twist.

The entire twisted solution is completely determined by €2 in (A.8). In order that the
metric in (A.5) is well defined over the entire space, Schs x X5, this {2 must be a scalar
function on X5. This in turn implies that the twist parameters 7;’s should be viewed as
coordinates of a vector field on X5, rather than constants. Indeed, the solution (A.5)—(A.7)
can be easily recast into a form that makes this manifest.

The Killing vectors of the U(1)3 isometry for the internal metric (A.3) are linear
combinations of the three Killing vectors

Ky = i=1,2,3. (A.9)

¢
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We observe that in terms of the Killing vector

3 3
0
K= mKy = > n e (A.10)
i=1 i=1 ¢

we have simply
Q= I, (A.11)

where ||]| is the norm of K. Furthermore,
1

where K is the one form dual to Killing vector, I, with respect to the internal metric.

Eqs. (A.11) and (A.12) show that the twisted solution is well defined over the entire
internal manifold. In particular, one can use them to write down the solution (A.5)—(A.8)
in terms of arbitrary coordinates (£%) on Xj,

ng(S = Ya8 dé‘adgﬁ’ Raﬁ = 490{57 (A13)

and
Q= 9ap KoK’ ) Ko = 9ap K7 (A'14)

Since the metric is block diagonal, (A.14) has the same form when written in terms of
ten-dimensional coordinates.

The explicit background fields in (A.5)—(A.8) were obtained by applying the null Melvin
twist along an arbitrary Killing vector. Therefore, by construction one is guaranteed to
get a solution of the type IIB supergravity. However, it is also illuminating to verify
this explicitly starting with an Ansatz for the fields as in (A.5)—(A.7), (A.11) and (A.12),
where X5 is an arbitrary Einstein manifold with a globally defined vector field K. Using
the formulae for the spin connection and the fluxes in section 3, we find that the Maxwell
and the Einstein equations reduce to two equations for /C,

Vi, Ko +4Ko = 0, (A.15)

and

1
KoV, Ko + 5 (VoK + V5Ka) VKPP 44K, = 0, (A.16)

respectively, where v?xs = V*V, is the covariant Laplacian on X5. The two equations
imply that V(,Kg) = 0, as the second term in (A.16) is manifestly positive. Thus £ must
be a Killing vector and (A.16) follows from (A.15). It is a standard fact that Killing vectors
are eigenfunctions of the Laplacian on an Einstein manifold so that the latter equation is
always satisfied. Indeed, we have

VN (VoK + VKa) = Vi, Kg+ R%sKa (A.17)
= Vi, Ksg+4Kgs,

where we used that VYK, = 0. Note that the normalization of the mass term in (A.15)
corresponds to the unit radius of X5 in (A.13).

— 21 —



References

[1] O. Aharony, S.S. Gubser, J.M. Maldacena, H. Ooguri and Y. Oz, Large-N field theories,
string theory and gravity, Phys. Rept. 323 (2000) 183 [hep-th/9905111] [SPIRES].

[2] S.A. Hartnoll, Lectures on holographic methods for condensed matter physics,
arXiv:0903.3246 [SPIRES].

[3] C.P. Herzog, Lectures on holographic superfluidity and superconductivity, arXiv:0904.1975
[SPIRES].

[4] C.R. Hagen, Scale and conformal transformations in galilean-covariant field theory,
Phys. Rev. D 5 (1972) 377 [SPIRES].

[5] T. Mehen, L W. Stewart and M.B. Wise, Conformal invariance for non-relativistic field
theory, Phys. Lett. B 474 (2000) 145 [hep-th/9910025] [SPIRES].

[6] Y. Nishida and D.T. Son, Nonrelativistic conformal field theories,
Phys. Rev. D 76 (2007) 086004 [arXiv:0706.3746] [SPIRES].

[7] D.T. Son, Toward an AdS/cold atoms correspondence: a geometric realization of the
Schrédinger symmetry, Phys. Rev. D 78 (2008) 046003 [arXiv:0804.3972] [SPIRES].

[8] K. Balasubramanian and J. McGreevy, Gravity duals for non-relativistic CFTs,
Phys. Rev. Lett. 101 (2008) 061601 [arXiv:0804.4053] [SPIRES].

[9] C.P. Herzog, M. Rangamani and S.F. Ross, Heating up galilean holography,
JHEP 11 (2008) 080 [arXiv:0807.1099] [SPIRES].

[10] J. Maldacena, D. Martelli and Y. Tachikawa, Comments on string theory backgrounds with
non- relativistic conformal symmetry, JHEP 10 (2008) 072 [arXiv:0807.1100] [SPIRES].

[11] A. Adams, K. Balasubramanian and J. McGreevy, Hot spacetimes for cold atoms,
JHEP 11 (2008) 059 [arXiv:0807.1111] [SPIRES].

[12] C. Duval, G.W. Gibbons and P. Horvathy, Celestial mechanics, conformal structures and
gravitational waves, Phys. Rev. D 43 (1991) 3907 [hep-th/0512188] [SPIRES].

[13] S. Kachru, X. Liu and M. Mulligan, Gravity duals of Lifshitz-like fized points,
Phys. Rev. D 78 (2008) 106005 [arXiv:0808.1725] [SPIRES].

[14] C. Duval, M. Hassaine and P.A. Horvathy, The geometry of Schrédinger symmetry in gravity
background/non-relativistic CFT, Annals Phys. 324 (2009) 1158 [arXiv:0809.312§]
[SPIRES].

[15] S.A. Hartnoll and K. Yoshida, Families of IIB duals for nonrelativistic CFTs,
JHEP 12 (2008) 071 [arXiv:0810.0298] [SPIRES].

[16] L. Mazzucato, Y. Oz and S. Theisen, Non-relativistic branes, JHEP 04 (2009) 073
[arXiv:0810.3673] [SPIRES].

[17] M. Rangamani, S.F. Ross, D.T. Son and E.G. Thompson, Conformal non-relativistic
hydrodynamics from gravity, JHEP 01 (2009) 075 [arXiv:0811.2049] [SPIRES].

[18] M. Taylor, Non-relativistic holography, arXiv:0812.0530 [SPTRES].

[19] A. Donos and J.P. Gauntlett, Supersymmetric solutions for non-relativistic holography,
JHEP 03 (2009) 138 [arXiv:0901.0818] [SPIRES].

[20] M. Alishahiha, R. Fareghbal, A.E. Mosaffa and S. Rouhani, Asymptotic symmetry of
geometries with Schrédinger isometry, arXiv:0902.3916 [SPIRES].

— 292 —


http://dx.doi.org/10.1016/S0370-1573(99)00083-6
http://arxiv.org/abs/hep-th/9905111
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-TH/9905111
http://arxiv.org/abs/0903.3246
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=0903.3246
http://arxiv.org/abs/0904.1975
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=0904.1975
http://dx.doi.org/10.1103/PhysRevD.5.377
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA,D5,377
http://dx.doi.org/10.1016/S0370-2693(00)00006-X
http://arxiv.org/abs/hep-th/9910025
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-TH/9910025
http://dx.doi.org/10.1103/PhysRevD.76.086004
http://arxiv.org/abs/0706.3746
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=0706.3746
http://dx.doi.org/10.1103/PhysRevD.78.046003
http://arxiv.org/abs/0804.3972
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=0804.3972
http://dx.doi.org/10.1103/PhysRevLett.101.061601
http://arxiv.org/abs/0804.4053
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=0804.4053
http://dx.doi.org/10.1088/1126-6708/2008/11/080
http://arxiv.org/abs/0807.1099
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=0807.1099
http://dx.doi.org/10.1088/1126-6708/2008/10/072
http://arxiv.org/abs/0807.1100
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=0807.1100
http://dx.doi.org/10.1088/1126-6708/2008/11/059
http://arxiv.org/abs/0807.1111
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=0807.1111
http://dx.doi.org/10.1103/PhysRevD.43.3907
http://arxiv.org/abs/hep-th/0512188
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-TH/0512188
http://dx.doi.org/10.1103/PhysRevD.78.106005
http://arxiv.org/abs/0808.1725
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=0808.1725
http://dx.doi.org/10.1016/j.aop.2009.01.006
http://arxiv.org/abs/0809.3128
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=0809.3128
http://dx.doi.org/10.1088/1126-6708/2008/12/071
http://arxiv.org/abs/0810.0298
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=0810.0298
http://dx.doi.org/10.1088/1126-6708/2009/04/073
http://arxiv.org/abs/0810.3673
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=0810.3673
http://dx.doi.org/10.1088/1126-6708/2009/01/075
http://arxiv.org/abs/0811.2049
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=0811.2049
http://arxiv.org/abs/0812.0530
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=0812.0530
http://dx.doi.org/10.1088/1126-6708/2009/03/138
http://arxiv.org/abs/0901.0818
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=0901.0818
http://arxiv.org/abs/0902.3916
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=0902.3916

[21] E.O. Colgain and H. Yavartanoo, NR CFT5 duals in M-theory, arXiv:0904.0588 [SPIRES].

[22] N. Bobev and A. Kundu, Deformations of holographic duals to non-relativistic CFTs,
arXiv:0904.2873 [SPIRES].

[23] S.S. Pal, Non-relativistic supersymmetric Dp-branes, arXiv:0904.3620 [SPIRES].

[24] E.G. Gimon, A. Hashimoto, V.E. Hubeny, O. Lunin and M. Rangamani, Black strings in
asymptotically plane wave geometries, JHEP 08 (2003) 035 [hep-th/0306131] [SPIRES].

[25] V.E. Hubeny, M. Rangamani and S.F. Ross, Causal structures and holography,
JHEP 07 (2005) 037 [hep-th/0504034] [SPIRES].

[26] J. Beckers and V. Hussin, Dynamical supersymmetries of the harmonic oscillator,
Phys. Lett. A 118 (1986) 319 [SPIRES];
J. Beckers, D. Dehin and V. Hussin, Symmetries and supersymmetries of the quantum
harmonic oscillator, J. Phys. A 20 (1987) 1137 [SPIRES].

[27] J.P. Gauntlett, J. Gomis and P.K. Townsend, Supersymmetry and the physical phase space
formulation of spinning particles, Phys. Lett. B 248 (1990) 288 [SPIRES].

[28] M. Leblanc, G. Lozano and H. Min, Extended superconformal galilean symmetry in
Chern-Simons matter systems, Ann. Phys. 219 (1992) 328 [hep-th/9206039] [SPIRES].

[29] C. Duval and P.A. Horvathy, On Schrédinger superalgebras, J. Math. Phys. 35 (1994) 2516
[hep-th/0508079] [SPTRES].

[30] M. Henkel and J. Unterberger, Supersymmetric extensions of Schrédinger-invariance,
Nucl. Phys. B 746 (2006) 155 [math-ph/0512024] [SPIRES].

[31] M. Sakaguchi and K. Yoshida, Super Schrodinger in super conformal,
J. Math. Phys. 49 (2008) 102302 [arXiv:0805.2661] [SPIRES]; More super Schrédinger
algebras from PSU(2,2|4), JHEP 08 (2008) 049 [arXiv:0806.3612] [SPIRES].

[32] J.P. Gauntlett, D. Martelli, J. Sparks and D. Waldram, Sasaki-Einstein metrics on S* x S3,
Adv. Theor. Math. Phys. 8 (2004) 711 [hep-th/0403002] [SPIRES].

[33] M. Cveti¢, H. Lii, D.N. Page and C.N. Pope, New FEinstein-Sasaki spaces in five and higher
dimensions, Phys. Rev. Lett. 95 (2005) 071101 [hep-th/0504225] [SPIRES]; New
FEinstein-Sasaki and Einstein spaces from Kerr-de Sitter, hep-th/0505223 [SPIRES].

[34] D. Marolf and S.F. Ross, Plane waves: to infinity and beyond!,
Class. Quant. Grav. 19 (2002) 6289 [hep-th/0208197] [SPIRES].

[35] J.H. Schwarz, Covariant field equations of chiral N =2 D = 10 supergravity,
Nucl. Phys. B 226 (1983) 269 [SPIRES].

[36] K. Becker, M. Becker and J.H. Schwarz, String theory and M-theory: A modern introduction,
Cambridge University Press, Cambridge U.K. (2007) [SPIRES].

[37] L.J. Romans, New compactifications of chiral N =2 D = 10 supergravity,
Phys. Lett. B 153 (1985) 392 [SPIRES].

[38] P. Candelas and X.C. de la Ossa, Comments on conifolds, Nucl. Phys. B 342 (1990) 246
[SPIRES].

[39] G.W. Gibbons, S.A. Hartnoll and C.N. Pope, Bohm and FEinstein-Sasaki metrics, black holes
and cosmological event horizons, Phys. Rev. D 67 (2003) 084024 [hep-th/0208031]
[SPIRES].

,23,


http://arxiv.org/abs/0904.0588
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=0904.0588
http://arxiv.org/abs/0904.2873
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=0904.2873
http://arxiv.org/abs/0904.3620
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=0904.3620
http://dx.doi.org/10.1088/1126-6708/2003/08/035
http://arxiv.org/abs/hep-th/0306131
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-TH/0306131
http://dx.doi.org/10.1088/1126-6708/2005/07/037
http://arxiv.org/abs/hep-th/0504034
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-TH/0504034
http://dx.doi.org/10.1016/0375-9601(86)90316-6
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA,A118,319
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=JPAGB,A20,1137
http://dx.doi.org/10.1016/0370-2693(90)90294-G
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA,B248,288
http://dx.doi.org/10.1016/0003-4916(92)90350-U
http://arxiv.org/abs/hep-th/9206039
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-TH/9206039
http://dx.doi.org/10.1063/1.530521
http://arxiv.org/abs/hep-th/0508079
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-TH/0508079
http://dx.doi.org/10.1016/j.nuclphysb.2006.03.026
http://arxiv.org/abs/math-ph/0512024
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=MATH-PH/0512024
http://dx.doi.org/http://dx.doi.org/10.1063/1.2998205
http://arxiv.org/abs/0805.2661
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=0805.2661
http://dx.doi.org/10.1088/1126-6708/2008/08/049
http://arxiv.org/abs/0806.3612
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=0806.3612
http://arxiv.org/abs/hep-th/0403002
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-TH/0403002
http://dx.doi.org/10.1103/PhysRevLett.95.071101
http://arxiv.org/abs/hep-th/0504225
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-TH/0504225
http://arxiv.org/abs/hep-th/0505223
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-TH/0505223
http://dx.doi.org/10.1088/0264-9381/19/24/302
http://arxiv.org/abs/hep-th/0208197
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-TH/0208197
http://dx.doi.org/10.1016/0550-3213(83)90192-X
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA,B226,269
http://www.slac.stanford.edu/spires/find/hep/www?irn=7073143
http://dx.doi.org/10.1016/0370-2693(85)90479-4
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA,B153,392
http://dx.doi.org/10.1016/0550-3213(90)90577-Z
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA,B342,246
http://dx.doi.org/10.1103/PhysRevD.67.084024
http://arxiv.org/abs/hep-th/0208031
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-TH/0208031

[40]

[41]

[42]

[43]

[44]

[45]

[46]

[47]

P. van Nieuwenhuizen, The Kaluza-Klein program for IIB sugra on S°, to be submitted to
Rev. Mod. Phys.

L. Castellani, R. D’Auria and P. Fre, Supergravity and superstrings: a geometric perspective.
Volume 1: mathematical foundations, World Scientific, Singapore (1991), pag. 603.

H.J. Kim, L.J. Romans and P. van Nieuwenhuizen, The mass spectrum of chiral N = 2
D = 10 supergravity on S°, Phys. Rev. D 32 (1985) 389 [SPIRES].

A. Ceresole, G. Dall’Agata, R. D’Auria and S. Ferrara, Spectrum of type IIB supergravity on
AdSs x Th1: predictions on N =1 SCFT’s, Phys. Rev. D 61 (2000) 066001
[hep-th/9905226] [SPIRES].

A. Ceresole, G. Dall’Agata and R. D’Auria, KK spectroscopy of type IIB supergravity on
AdSs x Th1, JHEP 11 (1999) 009 [hep-th/9907216] [SPIRES].

A. Bergman and O.J. Ganor, Dipoles, twists and noncommutative gauge theory,
JHEP 10 (2000) 018 [hep-th/0008030] [SPTRES].

K. Dasgupta, O.J. Ganor and G. Rajesh, Vector deformations of N = 4 super-Yang-Mills
theory, pinned branes and arched strings, JHEP 04 (2001) 034 [hep-th/0010072] [SPTIRES].

A. Bergman, K. Dasgupta, O.J. Ganor, J.L.. Karczmarek and G. Rajesh, Nonlocal field
theories and their gravity duals, Phys. Rev. D 65 (2002) 066005 [hep-th/0103090] [SPIRES].

J.P. Gauntlett, S. Kim, O. Varela and D. Waldram, Consistent supersymmetric Kaluza—Klein
truncations with massive modes, JHEP 04 (2009) 102 [arXiv:0901.0676] [SPIRES].

J.P. Gauntlett, D. Martelli, J.F. Sparks and D. Waldram, A new infinite class of
Sasaki-Finstein manifolds, Adv. Theor. Math. Phys. 8 (2006) 987 [hep-th/0403038]
[SPIRES].

S. Schéfer-Nameki, M. Yamazaki and K. Yoshida, Coset construction for duals of
non-relativistic CFTs, arXiv:0903.4245 [SPIRES].

— 24 —


http://dx.doi.org/10.1103/PhysRevD.32.389
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA,D32,389
http://dx.doi.org/10.1103/PhysRevD.61.066001
http://arxiv.org/abs/hep-th/9905226
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-TH/9905226
http://dx.doi.org/10.1088/1126-6708/1999/11/009
http://arxiv.org/abs/hep-th/9907216
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-TH/9907216
http://dx.doi.org/10.1088/1126-6708/2000/10/018
http://arxiv.org/abs/hep-th/0008030
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-TH/0008030
http://dx.doi.org/10.1088/1126-6708/2001/04/034
http://arxiv.org/abs/hep-th/0010072
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-TH/0010072
http://dx.doi.org/10.1103/PhysRevD.65.066005
http://arxiv.org/abs/hep-th/0103090
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-TH/0103090
http://dx.doi.org/10.1088/1126-6708/2009/04/102
http://arxiv.org/abs/0901.0676
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=0901.0676
http://arxiv.org/abs/hep-th/0403038
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-TH/0403038
http://arxiv.org/abs/0903.4245
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=0903.4245

	Introduction
	The solution
	General supersymmetry analysis
	Examples
	S**5
	T**(1,1)
	T**(p,q) and L**(p,q,r)

	New solutions from vector harmonics
	Vector harmonics on S**5
	Vector harmonics on T**(1,1)

	Conclusions
	Generalized null Melvin twist

